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Fig. 2 Mechanical point impedance of the three layer sandwich
ring under concentrated periodical loading.

The multilayer hybrid stress flat plate element has been well
documented in Refs. 3 and 4. It suffices to say that the element
boundary displacements are linear, that each layer has indepen-
dent rotations, and that transverse shear deformation and
rotatory inertia are included. The mass matrix is a nondiagonal
hybrid-rational one.’ The modelling of curved surfaces by the
flat plate element has been tested and found to be satisfactory.*

The problem considered here is the second ring problem of
Ref. 1. Numbering from the outermost layer to the innermost
layer, the following data are used in the calculation: thickness
(in.) hy =0.0747, h, =0.004, h, = 0.25; density (Ib-in.*/sec?)
7, =73 =0725x1073, 3, =0.103x1073; Young’s modulus
(psi) E, = E; =30x10%; Poisson’s ratio v, = v, =0.3. The
radius to the middle surface of the first layer R, = 4.3538 in.
and the width of the ring b =2 in. The viscous central core
is characterized by its frequency and temperature dependent
complex shear modulus

G, = (14 1.461)exp [0.494 In (w/2%)+3.022] 5

at 72°F. In the finite element computation, the Poisson’s ratio
v, for this layer is assumed to be 0.3 and its Young’s modulus
E, is determined from G, and v,.

The ring is freely supported undergoing a concentrated radial
force P, e'“* acting on top of the first layer. Because of symmetry,
only half of the ring is modelled by one row of 36 identical
elements in the circumferential direction. The load P, is equally
divided and applied to the top two nodes of the first element.

Table 1 Comparison of double and single precision solutions

Frequency, Hz Impedance, 1b/(in./sec)
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The resulting mechanical impedance at the loading point is
plotted in Fig. 2 against the analytical and experimental results
reported in Ref. 1. It is seen that the present finite element
solution is very accurate. The slightly better result over the
analytical solution of Ref. 1 may be attributed to the fact that
the present finite element modeling allows independent rotations
for each layer and rotatory inertia is included.

For low frequency responses, some precaution must be taken
to avoid getting erroneous results. The elements of the K matrix
of this problem are in the order of 10® and the elements of
the M matrix are in the order of 10™*. For small w, the effect
of M matrix may be wiped out due to the round off of the
computer and the essential rigid body response may be
distorted. Such errors can be avoided simply by using double
precision calculation. The effect of this can be seen in Table 1,
where both double precision and single precision solutions,
obtained on an IBM 370/M 165, are listed for eight selected values
of w. The double precision solutions are those used in plotting
Fig. 2. For w/2n smaller than 350 Hz, the single precision
solutions are erroneous.
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Nomenclature
¢ = heat capacity per unit volume of the material
h = heat-transfer coefficient
H = heat flow vector
k = conductivity of the material
L = latent heat of the material

g,(t) = unknown surface temperature
q,(t) = melting distance
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(w/27) Double precision Single precision ¢ — time
50 4.192 8.038
100 9.883 14.317
350 3.435 3.423
600 24.657 24.850
850 15.850 15.800
1500 47914 47.886
2750 19.695 19.684
4000 25.795 25.785
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Fig. 1 Nondimensional surface temperature-time history.

T, = temperature of the surroundings

= thermal diffusivity .

= dimensionless temperature of the surroundings, cT;/pL
= dimensionless melting distance, hq,/k

= temperature distribution in the melt

= density of the material

= dimensionless time, (h*T, 1)/pLk

= dimensionless surface temperature, q,/7,

eﬂ‘g X ™R

Introduction

10T’S variational principle has been successfully applied for

solving the phase-change problem with different boundary
conditions, by workers' ~* in the past. In an earlier paper,’ the
present authors had used this approach to the phase-change
problem with constant heat flux as the boundary condition and
without removal of melt. The purpose of the present Note is to
extend the applicability of Biot’s method to aerodynamic ablation
of melting bodies, i.e., when the heat flux at the boundary is
generated aerodynamically.

Fig. 2 Nondimensional melting-
time history. =
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Formulation of the Problem

One-dimensional heating of a semi-infinite solid of constant
thermal properties is considered. After initiation of melting, let
T, and q,(0, t) be the temperature of the surrounding medium and
the surface temperature of the melt, respectively, and h, the heat-
transfer coefficient. The distance of the melt line from the surface
after time ¢ is denoted by ¢,(t). Time ¢ is measured from the
initiation of melting. The problem is simplified by assuming all
the solid to be at the melting temperature, although there is a
temperature distribution in the solid as well. The validity of this
assumption is discussed by Goodman.® The equation describing
the process is

0%0/0x? = (1)) 80/6t, x>0, t>0 (0

Initial and boundary conditions are
0=0, t=0 2)
q,(t) =0, =0 3)

—kob/ox =h(T;—q;), x=0,1>0 T, >gq, 4
The assumption of constant temperature in the solid reduces the
boundary condition at the interface to
H=Lg, x=q)1 t>0 &)
where H denotes the heat-flow rate and H = Lg,. The melting
temperature is taken to be zero.

Solution
A linear temperature distribution in the melt is assumed as
8 = q,(1—x/q,) (6)
where g, and g, are generalized coordinates representing the

surface temperature and the melting distance, respectively, to be
determined. The energy conservation is given by

divH = —cf (7
Equation (6) together with Eq. (7), gives the heat flowfield
H = (3)cq, 92(1—x/q,)*+ pLq, 8

which satisfies the boundary condition, Eq. (5). The expressions
for the temperature distribution, Eq. (6), and the heat flowfield,
Eq. (8), being known, Biot’s variational principle can be easily
applied which leads to the Lagrangian equation
0V/0q,+0D/0g, = Q, )
The function V represents the thermal potential, D, the dissipa-
tion function, and Q,, the thermal force and they are given by

y = (%)rz 02 dx (10)
(4]
D= (1/2k)r2 H2dx 11)
0
p-o
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02 = (8),-o(0H/0q5), -0 (12)

Using Egs. (6) and (10), we get
V= (%)C‘hzﬂh (13)
oV/oq, = (é)C‘hz (14)-

The time rate of change of heat flow obtained from Eq. (8), is
H = (3)c(g1d2+4192) (1= x/q2)* + g1 42(x/q2) (1 — X/q2) +
pLi,  (15)
and
0H/[0q; = (3)eq,(1—x/q5)* +cq1(x/q2) (1= x/q,) +pL  (16)
Substituting Eq. (15) in Eq. (11) and Eq. (16) in Eq. (12), it gives
D = (1/2k)[(c*q2/20) (g1 d2 +d1 42)* +(c*q, %92 4,%/30) +
P’L2q34:> +(q1 G2+ 41 92)(¢*q1 42 42/20+ cpLq 42/3)+
¢pLq1 9, 4,%/3] (17
0D[0, = (q242/2k)2p* 7 +4cpLqy/3+4c%q, */15)+
(92%41/2k)(3¢q,/20+ cpL/3)  (18)
and
Q, =(cq,’/2)+pLq, (19)

The Lagrangian equation, Eq. (9), in the generalized coordinate
q,, becomes

(4292/2K) (20° L +4cpLq, /3 +4c%q,*/15)+
(2°4:/2k)(3¢*q1/20+ cpLf3) = cq,*/3+pLq,  (20)
Using Eq. (6), the boundary condition, Eq. (4), is given by
WT;—q,)—k(g,/9,) =0 @1
Use of this boundary condition, Eq. (21), at the surface, provides
an additional relation between the generalized coordinates and
thus reduces by one the number of differential equations of the

Lagrangian type. We now nondimensionalize Eqs. (20) and (21)
by defining the following quantities

T =h*T;t/pLk

n = hq,/k
B = cT,/pL
(D:‘h/Tf

Equation (21), in the dimensionless form, gives the surface
temperature

4:/Ty = @ =nf1+7n) (22
Equation (20), in the dimensionless form, after simplification,
becomes

’7[A1'I3+A2’12+A3'I+A4]231’72+32'I+Ba (23)

where
A, = 165*+808+120 B, =40(8+3)
A, = 2587+ 18064360 B, =40(+6)
A = 1008+ 360 B; =120
A, =120

Solution of Eq. (23) gives the melting rate
T= (A1/231)712+(A2—A1 B,/B,}(n/B))+
[(1/2B,)(A3— A, B3/B,)—(B,/2B,)(A,— A, B,y/B,)] x
[In (B, 7%+ Byn+ B3)/B3]+[A4+(A4,— A, By/B;)
(B;*—2B, B3)/2B,* —(B,/2B,)(A;— A, B,/By)]x
(2/(4B, By~ B,*)"?*) x
[tan™! (2B, n+B,)/(4B, By— B,?)"*—
tan_l(Bz)/(4B1 B3_Bzz)] (24)

It can be easily seen that for very high latent heat (L — oo,
B — 0), Eq. (24) reduces to
T=(*/2)+n (25
This is the same equation as obtained by Goodman,® for the
melting rate, using the heat balance integral method. Results for
surface temperature-time history ®(t) and the melting rate #(z)
for different values of f8 are plotted in Figs. 1 and 2, respectively,
and compared with Goodman’s solution.
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It is concluded that Biot’s variational method is applicable to
the phase-change problem with aerodynamic heating. The
simplicity of the method lies in using only a linear temperature
profile, yielding satisfactory results.
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Nomenclature

b = semichord

C(k) = Theodorsen function

f(M) = function of Mach number, defined by Eq. (8b)
= kernel function defined by Eq. (7b)

= kernel function defined by Eq. (8b) or Eq. (10)
Bessel function

reduced frequency, wb/U

K/B*

= lift

= Mach number

= moment about midchord

= pressure

= Sears function

= time

= freestream velocity

= upwash

= ?c":k. =

*

AxE
I

=~
Rak

= coordinate normal to freestream
— (] * MZ)I/Z
= Euler’s constant
= Mk
—cos ' x
freestream density
—cos™ ' x,
velocity potential
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